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Abstract: By using the Green-function approach to the quantization of the electromagnetic field, the procrustean distillation
for quantum entanglement by the anisotropic magnetodielectric metamaterial has been proposed. We study the distillation of
the non-maximally entangled pure states by a single layer of the anisotropic magnetodielectric metamaterial. The Clauser–
Horne–Shimony–Holt parameter S for the entangled pure state has been calculated theoretically. It is shown that near the
resonant peak of transmission for the y-polarized photon, the parameter S for the output states get the maximal value. Near the
resonant peak of the transmission for the x-polarized photon, the entanglement of the output state is lower than the input state.
For the frequency far from the resonant peak, the entanglement of the output state is dependent on the input state. Finally we
find that the maximally entangled output is always appearing near the resonant frequency of the transmission for the
y-polarized photon, no matter how low the entanglement of the input state is. This means that our method to realize the
quantum distillation is effective.
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1. Introduction
In recent years different quantization approaches such as
the
damped polarization
model [1]
and
the
phenomenological method [2] for the electromagnetic field
in absorptive and dispersive dielectrics have been
developed. The damped polarization model to quantize the
electromagnetic field is a canonical quantization in which
the medium is represented by a collection of interacting
matter fields and the absorptive character of the medium is
described by the interaction of the matter fields with a heat
bath containing a continuum of reservoir fields [1]. The
phenomenological scheme has been formulated on the basis
of the fluctuation-dissipation theorem. The combination of
the Maxwell equations and the constitutive equation in the
frequency domain gives the electromagnetic field operators
in terms of the noise polarization field and the classical
Green tensor [2].
Recently, the metamaterials have attracted a great deal of
attention from both theoretical and experimental sides. The
metamaterials have the artificial structure and the
electromagnetic parameters are dependent on the resonant of
the electric and the magnetic field. These media exhibit a

number of unusual electromagnetic properties such as
negative refractive index [3] amplification of evanescent
wave [4], subwavelength cavity resonator [5], zero averaged
refractive index band gap [6] etc. Due to that the unit
resonance structures of metamaterials are usually anisotropic
[3], people became interested in the anisotropic properties
and revealed many intriguing phenomena in different kinds
of
anisotropic
metamaterials
[7-11].
Based
on
phenomenological method, the quantization of the
electromagnetic field in anisotropic magnetodielectric
metamaterials has been performed [12].
In this work we investigate the propagation of quantized
radiation through anisotropic magnetodielectric metamaterial
and explore the possibility to control the polarization
entangled photon pairs or realize the distillation of the
entanglement. In fact, various schemes of entanglement
distillation, purification and concentration have been
proposed [13-20]. Some of the schemes have been realized
by experiments and the most successful example is the
procrustean distillation of the entangled pure state by using
partial polarizer [16, 17]. However, our investigations show
that it is effective to realize the quantum distillation by the
anisotropic magnetodielectric metamaterial.
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Aout = Z −1/2T1 AinT2t

2. Theory of Distillation by Anisotropic
Metamaterial

ω
∇ ×  µ −1 ∇ × Aˆ ( r,ω )  − 2 ε Aˆ ( r,ω ) = µ0 ˆjN ( r,ω ) (1)

 c

)

2

The solution of Eq.(1) can be given by

Aˆ ( r , ω ) = µ0 ∫ d 3r ′G ( r , r ′, ω ) ˆjN ( r ′, ω ) (2)
where G (r , r ′, ω ) is the Green tensor satisfying the
equation

ω
∇ ×  µ −1 ∇ × G ( r,r ′, ω )  − 2 ε G ( r,r ′, ω ) = I δ ( r − r ′)

 c

(

)

(7)

with normalized factor

We consider a single slab of anisotropic magnetodielectric
and
metamaterial with the permittivity tensor ε
permeability tensor µ embedded in the dielectric
background (air). The interface of the metamaterial plate is
parallel to the x-y plane. Introducing the vector potential
Aˆ (r,ω ) = (iω )−1 Eˆ (r,ω ) , from the Maxwell equations we get

(
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2

(3)

Z = Tr(T1 AinT2t )(T1 AinT2t )t

(8)

Here superscript “t” denotes the transpose of a matrix, and
the transmission matrix is

 tHH ,i
Ti = 
 tVH ,i

tHV ,i 
tVV ,i 

(9)

where i = 1, 2 denotes different channels. Ti (i = 1, 2)
can be get from the Eq. (4).
After the transmission coefficients are obtained, the degrees
of the entanglement for input and output pure states can be
obtained in terms of the Clauser-Horne-Shimony-Holt (CHSH)
parameter S. According to Ref. [13], the parameter S for the
input and output states can be expressed as

Sin ( out ) = 2 1 + PE 2 , PE 2 = 4Det ( Ain ( out ) Ain ( out ) + ) (10)

Here I is the three order unit tensor.
Assuming the photon travels along the z-axis, the relations
between outgoing fields aˆox / y ± and incoming fields aˆix / y ±

with the superscript “+” being the transposed and complex
conjugate matrix and “Det” being the determinant.

are determined by definitions of the operators with the
boundary continuity conditions of the vector potential

disentangled state has

Aˆ ( z , ω ) at the interface. The input-output relations for the
amplitude operators through the single-layer structure can be
obtained as [12]

 gˆ x + (ω ) 
 aˆix − 
 aˆix + 


 aˆ 
 aˆ 
 ox +  = T (ω )  ox −  + F (ω )  gˆ x − (ω ) 
 gˆ y + (ω ) 
 aˆiy − 
 aˆiy + 






 aˆoy + 
 aˆoy − 
 gˆ y − (ω ) 

(4)

(5)

where H and V represent horizontal and vertical polarization,
respectively. The complex coefficients aσσ ' ( σ (σ ' ) = H , V )
in

form a matrix

 a in
Ain =  HH
in
 aVH

in

a HV
in 
aVV 

(6)

The relation between the output state and the input state can
be obtained by [16]

= 1 , S = 2 2 , and the

PE = 0 , S = 2 . So if input state with

2 < Sin < 2 2 is distilled to a state with Sout = 2 2 , this means
that we have distilled the non-maximally entangled state to the
maximally entangled state successfully. For example, a
two-qubit state of the form

Φ p = ( p HH + VV

Here, we consider that the incident two-photon state has a
general form [16]
in
in
in
in
Ψ in = a HH
HH + a HV
HV + aVH
VH + aVV
VV

A maximally entangled state has PE

)/

1 + p2

(11)

which is not maximally entangled state if p is not equal to 1,
can be transformed into the maximally entangled state with a
certain probability by tuning the parameters of the
anisotropic metamaterial. The distillation does not increase
entanglement, but concentrates the entanglement into a
smaller number of maximally entangled states. It is
necessary to sacrifice some photon pairs to obtain the more
entangled states. The probability for the initial photon pairs
surviving the filtering process can be described by the
normalized factor which depends on the input state and the
transmission of the filtering devices. In the ideal situation,
the distillation devices have no effect on the horizontal
polarized photon and transmit the vertical polarized photon
with probability. Thus the probability for the yield of the
output maximally entangled pair is 2 p 2 / (1 + p 2 ) . With the
increase of p, the survival probability increases
monotonically. This means that the more entanglement the
input state has, the larger the survival probability is. We will
present the concrete calculated results in the next part.
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3. Results and Discussions
In the following, we present the calculated results for above
theory. First, we consider the distillation of the non-maximally
entangled pure states by the anisotropic metamaterial. We can
produce entangled photon pairs by pumping a 351 nm laser
beam on two adjacent β -barium borate (BBO) crystals in a
state of Eq. (11). By simple varying the pump polarization, the
value of p can be set arbitrarily. Here we choose the
coordinates that H corresponds to the polarization along the
x-axis, and V to that along the y-axis. Let us consider that the
non-maximally entangled pure state is incident on a single
layer of anisotropic metamaterial with the permeability and
dielectric tensors given by Ref [11]

µx = 1 +

( Sin = 2.561 ) and 0.8 ( Sin = 2.794 ), respectively. From the
results we find that for the frequency far from the resonant
peak, the entanglement of the output state is dependent on the
input state. Near the resonant peak of the transmission for the
x-polarized photon, the entanglement of the output state is
lower than the input state. The entanglement of the output
state shows the resonant peak near the resonant peak of the
transmission for the y-polarized photon. This is because the
input state is in form of Eq. (11) and the component for the
y-polarized wave is more than the x-polarized wave.

70
22
, µy = 1 +
, µz = 1 (12)
2
2
12.71 − f
6.802 − f 2

εx = ε y = εz = 1

(13)

where f = ω 2π is the frequency measured in gigahertz.
The calculated results for the transmissions of different
polarized waves as a function of the frequency are plotted in
Fig.1 (a). The thickness of the metamaterial is taken as
l = 0.001m . There is a resonant peak of the transmission
appearing near the resonant frequency. For the x- (y-)
polarized wave, the resonant peak of the transmissions Tx
( Ty ) exhibits at the resonant frequency of

µ y ( µ x ).

The

CHSH parameter S for the output states with p=0.5 is plotted
in Fig.1 (b). Near the resonant peak of the transmission for the
y-polarized photon, the CHSH parameter S for the output state
gets the maximal value.

Fig. 2. The corresponding results as a function of the frequency for different p
with the thickness of the metamaterial l = 0.001m .

In order to get the relation between the distillation and the
thickness of the metamaterial, we plot the CHSH parameter S
as a function of the frequency in Fig. 3 for the input states with
p=0.5 for three cases with different thickness l = 0.001m
(a), l = 0.005m (b) and l = 0.01m (c). The results show
that the maximally entangled output is always appearing near
the resonant frequency of the transmission for the y-polarized
photon, no matter how low the entanglement of the input state
is.

Fig. 1. The transmissions of different polarized waves as a function of the
frequency are plotted in Fig.1 (a); The CHSH parameter S for the output
states with p=0.5 is plotted in Fig.1 (b).

Figure 2 describes the CHSH parameter S as a function of
the frequency for different p. The thickness of the
metamaterial is taken also as l = 0.001m . Fig.2 (a), (b) and
(c) correspond to the input state with p=0.2 ( Sin = 2.143 ), 0.5

Fig. 3. The corresponding results as a function of the frequency for different
thickness of the metamaterial with p=0.5.
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4. Conclusion
By using the Green-function approach to the problem of
quantization of the electromagnetic field, the effective
method to perform procrustean distillation for quantum
entanglement by the anisotropic magnetodielectric
metamaterial has been proposed. We study the distillation of
the non-maximally entangled pure states by a single layer of
the metamaterial. The Clauser–Horne–Shimony–Holt
parameter S for an entangled pure state has been calculated
theoretically. It is shown that near the resonant peak of
transmission for the y-polarized photon, the CHSH parameter
S for the output states get the maximal value. Near the
resonant peak of the transmission for the x-polarized photon,
the entanglement of the output state is lower than the input
state. For the frequency far from the resonant peak, the
entanglement of the output state is dependent on the input
state. The maximally entangled output is always appearing
near the resonant frequency of the transmission for the
y-polarized photon, no matter how low the entanglement of
the input state is. Thus our method to use the metamaterial to
the distillation of the entangled state is an effective way.
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